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We rewrite the Klein-Gordon (KG) equation for a complex scalar field as a new Gross-Pitaevskii
(GP)-like equation. The potential of the scalar field is a mexican-hat potential and the field is in a
thermal bath with one loop contribution. We interpret the new GP equation as a finite temperature
generalization of the GP equation for a charged field. We find its hydrodynamic version as well and
using it, we derive the corresponding thermodynamics. We also obtain a generalized first law for a
charged Bose-Einstein Condensate (BEC).
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I. INTRODUCTION
Now a days, several astronomical observations give ev-
idence for the existence of the so called dark matter, oc-
cupying approximately the 22% of the universe, the rest
is contained in another dark component called the dark
energy with about 68%, usually associated to a funda-
mental cosmological constant and the baryonic matter
with less than 5%. The standard model to study the
universe and its evolution is a model based on assuming
that dark matter is a cold component with an equation
of state of dust type, and a cosmological constant (Λ)
for the other dark component (see for example [1] for a
review). This model is usually referred as ΛCDM and is
able to feet almost all the observations of the universe
we have till now at cosmological scales with a very good
accuracy. However, this model has some issues at small
scales, like, among others, its prediction of cuspy halos
of galaxies. This model predicts that the dark matter at
the center of the galaxies must have a cusp density pro-
file, while observations tell us that galaxies prefer to have
almost constant density profiles in the center, specially
dwarf or low surface brightness galaxies. Alternativelly,
a scalar field has been proposed as a dark matter model
(see [2, 3] or [4] for a review). In this model the na-
ture of dark matter is a fundamental scalar field, where
the predictions at cosmological scales coincide with the
ones of the LCDM model, but it predicts a flat central
density profile as observed in galaxies. In short, in the
theoretical Lagrangian, we add two terms, a kinetic term
and a potential term for the scalar field. We then fix
the form of the potential and with the resultant equa-
tions we try to explain some observed astronomical data,
like rotation curves of spiral galaxies. In particular, this
scalar field model predicts that the galaxy dark halo is
core-type. We refer the reader to [4] to see more details
and comparisons with observations and with the ΛCDM
model.
In this work we generalized the model by considering
that the scalar field is a complex field and also we con-
sider an electromagnetic term in the Lagrangian. With
this model we derive the hydrodynamical version where
the potential exhibits a symmetry breaking (SB) and a
possible thermodynamics (see also [5] for the real case).
Symmetry breaking is normally associated to phase tran-
sitions in other areas of physics, therefore its importance,
in this work we would like to see whether the symme-
try breakdown of the original Lagrangian symmetry has
some effect in the structure formation formation of the
universe.
We organise our work in the following form: In the
next section we present a general Lagrangian for complex
scalar field which includes a term with electromagnetic
fields and show how the symmetry appears and how can
be broken. Next we show how the Klein-Gordon equa-
tion transforms in a generalized Gross-Pitaevskii equa-
tion. Three sections follow where we analyze the hy-
drodynamical version of the generalized Gross-Pitaevskii
equation, its Newtonian limit and the thermodynamics of
the system. In the final section we write our conclusions
of this work.
II. GENERAL LAGRANGIAN OF THE
CHARGED SCALAR FIELD AND THE GAUGE
SYMMETRY BREAKING
The general Lagrangian model for a charged scalar field
(SF) having a local U(1) symmetry is,
L = (∇µΦ + ieAµΦ) (∇µΦ∗ − ieAµΦ∗)+V (ΦΦ∗)−1
4
FµνFµν
(1)
where V is the scalar field potential which is a double-
well interacting Mexican-hat potential for a complex SF
Φ(x, t). The scalar field is in thermal equilibrium with a
reservoir at temperature T . The thermal interaction be-
tween the scalar field and the thermal bath is computed
up to one loop of correction, and is given by [5, 6],
V (ΦΦ∗) = −m2ΦΦ∗+ λ
2
(ΦΦ∗)2+
λ
4
T 2ΦΦ∗− pi
2
90
T 4, (2)
This result includes both quantum and thermal contribu-
tions. Parameter m is the mass of the scalar field, λ gives
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FIG. 1. Potential V (Φ) as function of Φ. (a) T = 5; (b)
T = 2; and (c) T = 1.
The plot shows the potential V on the z-axis in term of the
real and imaginary part of the scalar field Φ
us the scalar field self interaction and will be related to
a “pressure”, in the sense that there is an equation that
relates both p ∝ ρ. In figure 1 we show the potential as
function of the complex scalar field (where we consider
m = 1 and λ = 1). Units are such that ~ = 1, c = 1, and
kB = 1.
The dynamics of a SF is governed by the Klein-Gordon
(KG) equation, which comes by looking for the extremum
of the action corresponding to the Lagrangian (1), it is
the equation of motion of a field composed of spinless
particles,
22EΦ +
∂V
∂Φ∗
− 2m2φΦ = 0, (3)
where we have added a first order self-interaction poten-
tial φ to the SF. For a charged field the D’Alambertian
operator is given by,
22E ≡ (∇µ + ieAµ) (∇µ + ieAµ) (4)
where Aµ = (A, ϕ) is the electromagnetic four potential.
Observe that we can rewrite the D’Alambertian as
22E = (∇+ ieA) · ∇− (
∂
∂t
+ ieϕ)
∂
∂t
+ ie∇µAµ− e2AµAµ
(5)
In what follows we will use the Lorentz gauge ∇µAµ =
0. It is convenient to consider the total potential VT by
adding to the potential V , the self-interaction contribu-
tion and the term e2AµA
µ = e2A2, such that
VT (ΦΦ
∗) = −m2ΦΦ∗ + λ
4
T 2ΦΦ∗ − e2A2ΦΦ∗
+
λ
2
(ΦΦ∗)2 − pi
2
90
T 4 − 2m2φΦΦ∗ (6)
The KG equation now can be written as
22Φ +
∂VT
∂Φ∗
= 0, (7)
where now 22 = ∇µ∇µ. Thus we can define an effective
mass by
meff =
√
m2 + e2A2. (8)
where the term coming from the electromagnetic poten-
tial term is the Proca mass.
Potential (2) has a minimum at Φ = 0 when the tem-
perature T > Tc. If T < Tc, the point Φ = 0 becomes a
maximum and potential (2) has a circular zone of minima
with radius
Φmin =
1
2
√
T 2c − T 2 (9)
The critical temperature where the minimum of the po-
tential Φ = 0 becomes a maximum and at which the
symmetry is broken is (see figure 1),
Tc =
2√
λ
√
m2eff + 2m
2φ. (10)
This temperature is the point where the original SU(1)
symmetry of the Lagrangian is broken, because after this
point the minimum of the potential is Φmin, where the
Lagrangian does not contain the SU(1) symmetry any-
more. See [7] for details on BEC and more about this
critical temperature.
III. THE GENERALIZED GROSS-PITAEVSKII
EQUATION
Now for the SF we perform the transformation
Φ = Ψ e−imˆct,
where mˆ2 = m2c2/~2. We have returned to normal units,
except that temperature is in energy units (kB = 1).
In terms of function Ψ, the KG equation (3) now reads,
i~Ψ˙ +
~2
2m
22Ψ +
λ
2mc2
|Ψ|2Ψ−mc2φΨ + ecϕΨ
+
λT 2
8mc2
Ψ = 0, (11)
the complex conjugate equation can be described in the
same way. The notation used is: Ψ˙ = ∂Ψ/∂t.
Equation (11) is the KG equation (3) or (7) rewrit-
ten in terms of the function Ψ and temperature T . This
equation is an exact equation defining the field Ψ(x, t),
where φ is the external potential acting on the system and
the terms in λ represent the interaction potential within
the system. When T → 0 and in the non-relativistic
limit, that means, in the limit where we take c  1,
the D’ Alambertian 22 → ∇2, eq. (11) becomes the
Gross-Pitaevskii equation for Bose-Einstein Condensates
(BEC) (see for example [9]). And also the static limit of
equation (11) is the known Ginzburg-Landau equation.
Therefore we will consider equation (11) as a general-
ization of the Gross-Pitaevskii equation that describe a
complex charged scalar field in a thermal bath at finite
temperature[7].
3IV. THE HYDRODYNAMICAL VERSION
In what follows we transform the generalized Gross-
Pitaevskii equation (11) into its analogous hydrodynam-
ical version, for this purpose the ensemble wave function
Ψ will be represented in terms of a modulus n and a
phase S as,
Ψ =
√
n eiS . (12)
where the phase S(x, t) is taken as a real function. As
usual this phase will define the velocity. We can interpret
n(x, t) = ρ/MT as the ratio between the number density
of particles in the condensed state, ρ = mn0 = mN0/L
3,
being N0 the number of particles in condensed state and
MT the total mass of the particles in the system. Both,
S and n, are functions of time and position (See [8] for
a more detailed discussion on this hydrodynamical ap-
proach). The concept of SB is often used as a sufficient
condition for BEC [7].
So, as can be seen in figure 1, we have that the
SF can oscillate around the Φ = 0 minimum. Below
the critical temperature Tc, SF oscillates close to the
“ring” minimum zone (For a real scalar field we will have
that the oscillation ocurrs around the minimum values
Φ2min = (T
2
c −T 2)/4, and the density will oscillate around
n = κ2(T 2c −T 2)/4 as can be seen by equation (9)), where
κ is a scale constant, that will determined in some exper-
iment.
Then, to obtain the hydrodynamical equations, we per-
form the Madelung transformation (12) in the general-
ized Gross-Pitaevskii equation (11). We obtain:
n˙+∇ · (nv)− ~
2me
j˙ = 0, (13a)
v˙ + (v · ∇)v − ce
m
(E+ v ×B) =
−c2∇φ+ λ
m2c2κ2
∇n + ~
2
m2
∇
(∇2√n√
n
)
+
~
2emc2n
v˙j − ~
2
m2
∇
(
∂2t
√
n√
n
)
+
λ
4m2
T∇T (13b)
where E and B = ∇×A are the electric and the mag-
netic field vectors, respectively. Notice that if we want to
compare these equations with the hydrodynamical ones,
there are extra terms corresponding with the relativistic
character of the Klein-Gordon equation. We have also
defined the fluxes
j = 2en(∇S + e
~
A), j = 2en(S˙ +
e
~
ϕ), jµ = (j, j)(14a)
and
v ≡ ~
m
(∇S + eA) (15)
Notice that in (13b) ~ enters on the right-hand side
through the term containing the gradient of n. This term
is usually called the “quantum pressure” and is a direct
consequence of the Heisenberg uncertainty principle, it
reveals the importance of quantum effects in interacting
gases.
Multiplying by n, (13b) can be written as:
nv˙ + n(v · ∇)v = nFE + nFφ −∇p+ nFQ +∇σ,(16)
where FE =
e
m (E+ v ×B) is the electromagnetic force,
Fφ = −∇φ is the force associated to the external poten-
tial φ, p can be seen as the pressure of the SF gas that
satisfies the equation of state p = wn2, ∇p are forces due
to the gradients of pressure and w = −λ/4m2 is an in-
teraction parameter, FQ = −∇UQ is the quantum force
associated to the quantum potential,
UQ = − ~
2
2m2
(∇2√n√
n
)
, (17)
and ∇σ is defined as
∇σ = ~
2me
v˙j +
1
4
λ
m2
nT∇T
+ ζ∇(lnn)˙− ~
2n
4m2
∇
(
n¨
n
)
, (18)
where the coefficient ζ is given by
ζ =
~2
4m2
[
−∇ · (nv) + ~
2me
j
]
,
and the term ∇(lnn)˙ can be written as
∇(lnn)˙ = −∇(∇ · v)−∇[∇(lnn) · v] + 1
m
∇[ 1
n
j˙]
System (13) is the hydrodynamical representation to
equation (11) and is completely equivalent to it.
V. THE NEWTONIAN LIMIT
The Newtonian limit is characterized because we ex-
pand the time derivatives in order of a small parame-
ter 1/2, while the space derivatives are expanded in the
same parameter as 1/. Neglecting second order time
derivatives (terms with 1/4 and beyond) and products
of time derivatives we can simplify system (13) (observe
that the velocity v and ~ are still second order). In this
limit we arrive to the non-relativistic system of equations
(13),
n˙+∇ · (nv) = 0, (19a)
nv˙ + n(v · ∇)v = nFE + nFφ −∇p+ nFQ +∇σ.
(19b)
Equation (19a) is the continuity equation, and (19b) is
the equation for the momentum transfer. Observe that
this last one contains forces due to the external poten-
tial, to the gradient of the pressure, viscous forces due
to the interactions of the condensate and forces due to
4the quantum nature of the equations. Quantity ∇(lnn)˙
plays a very important roll, in this limit it reads
∇(lnn)˙ = −∇(∇ · v)−∇[∇(lnn) · v].
Thus
∇σ = 1
4
λ
m
nT∇T − ζ [∇(∇ · v) +∇[∇(lnn) · v]] ,(20)
where now we have
ζ = − ~
2
4m2
∇ · (nv),
We interpret the function ∇σ as the viscosity of the
system, it contains terms which are gradients of the tem-
perature and of the divergence of the velocity and den-
sity (dissipative contributions). The measurement of the
temperature dependence in this thermodynamical quan-
tity at the phase transitions might reveal important in-
formation about the behavior of the gas due to particle
interaction.
VI. THE THERMODYNAMICS
In what follows we will derive the thermodynamical
equations from the hydrodynamical representation. We
can derive a conservation equation for a function α, start-
ing with the relationship [5]
(nα)˙ = nα˙+ αn˙ (21)
where α can take the values of φ and UQ, both of them
fulfil equation (21). Using the continuity equation
n˙+∇ · (nv) = 0 (22)
in (21) we obtain,
(nα)˙ +∇ · (nvα) = −nv · Fα + nα˙.
where Fα = −∇α. The treatment of σ using the above
this procedure is more difficult because in general we do
not know it explicitly.
As we know, in general (for non-relativistic systems),
the total energy density of the system  is the sum of
the kinetic, potential and internal energies in this case
we have an extra term UQ due to the quantum potential,
 = ne =
1
2
nv2 + nφ+ nu+ nUQ + ψE (23)
being u the internal energy of the system and
ψE =
e
m
(ϕ− v ·A) (24)
the electromagnetic energy potential, defined in terms of
the vector potential A and the electric potential ϕ.
Then from (23) we have that u will satisfy the equation
(nu)˙ +∇ · Ju −∇ · Jρ + nφ˙ = −p∇ · v, (25)
being Ju the energy current, given by a energy flux and
a heat flux, Jq,
Ju = nuv + Jq + JB − pv,
where ∇·Jq = v · (∇σ), and ∇·JB = v · (njB), being jB
given by the continuity equation of the vector potential
A
∂A
∂t
+ (v · ∇)A = −(A · ∇)v + m
e
jB , (26)
expressions that as we can see is related in a direct way
to the velocity and gradients of temperature in the con-
densate, and is the one that shows in an explicit way the
temperature dependence of the thermodynamical equa-
tions. With these definitions at hand we have,
(nu)˙+∇·(nvu+Jq+JB−pv−Jρ)+nφ˙ = −p∇·v. (27)
where Jρ = nvρ = ~2/4m2(∇ lnn)·. In order to find the
thermodynamical quantities of the system in equilibrium
(taking p as constant on a volume L), we restrict the
system to the regime where the auto-interacting potential
is constant in time, with this conditions at hand for (27)
we have:
(nu)˙+∇ · (nvu+ Jq + JB − pv − Jρ) = −p∇ · v (28)
As always the first term will represent the change in the
internal energy of the system, −p∇ · v is the work done
by the pressure and ∇ · v is related to the change in the
volume. The term with Jq contains terms related to the
heat generated by gradients of the temperature ∇T and
dissipative forces due to viscous forces ∼ ∇(∇ · v). And
finally but most important we have an extra term, ∇·Jρ,
due to gradients of the quantum potential (17).
Integrating this expression on a close region, we obtain
d
dt
∫
nudV +
∮
(Jq + JB + pv) · n dS −
∮
Jρ · n dS
= −p d
dt
∫
dV.
Equation (28) is the continuity equation for the internal
energy of the system and as usual, from here we have
an expression that would describe the thermodynamics
of the system in an analogous way as does the first law
of thermodynamics, in this case for the KG equation or
a BEC. This reads
dU = dˆQ+ dˆQB + dˆAQ − pdV (29)
where U =
∫
nudV is the internal energy of the system,
and as we can see, its change is due to a combination of
heat Q added to the system and work done on the system
(pressure dependent), and
dˆAQ
dt
=
~2
4m2
∮
n(∇ lnn)˙ · n dS =
∮
nvρ · n dS,
5is the corresponding quantum heat flux due to the quan-
tum nature of the KG equation.
The first and third terms on the right hand side of
equation (29) would make the crucial difference between
a classical and a quantum first law of thermodynamics.
Analogously, for the magnetic heat we have
dˆQB
dt
=
∫
∇ · JB dV =
∫
v · (njB) dV
=
m
e
∫
n
(
∂A
∂t
+ (v · ∇)A+ (A · ∇)v
)
· v dV
(30)
where the vector potential A fulfills the Maxwell equa-
tions, in terms of the fluxes (14) it reads
Fµν,ν = −jν (31)
where as usual Fµν = ∂µAν − ∂νAµ.
To complete the description we write the Maxwell
equations. In terms of the vector and the electric po-
tential, the Maxwell equations are given by
2A = − 1
κ2
j (32a)
2ϕ = − 1
κ2
j (32b)
where we have used the Lorentz gauge. Observe that
the fluxes contain the information of the velocity of the
fluid and of the electromagnetic term as well.
VII. CONCLUSIONS
In this work we have studied the U(1) SB of the Klein-
Gordon Lagrangian with temperature contributions to
the effective Mexican hat potential of a system of weakly
interacting bosons. We did this using a simple transfor-
mation in order to rewrite the Klein-Gordon equation as
a GP-like one. This is not surprising, because the Klein-
Gordon equation represents bosons with spin zero and
the GP equation represents bosons in condensed state.
We interpret this GP-like equation as a generalization of
the normal GP one but for relativistic particles and fi-
nite temperature. Using the Madelung transformation
we rewrite again the Klein-Gordon equations in their
hydrodynamical version where we have obtained several
thermodynamical relations for the Gross-Pitaevskii equa-
tion (11). With this thermodynamical version it is much
simpler to interpret the physics of the phenomena hap-
pening during the SB. For example we find that in cer-
tain conditions the system becomes super-conductor and
under other conditions it becomes super-fluid. In this
interpretations super-conductivity and super-fluidity can
be understood from first principles of quantum field the-
ory in a unified way.
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